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Abstract 

In this paper, we obtain a canonical central element i'h for each semi-simple quasi- 
Hopf algebra H over any field k and prove that uh is invariant under gauge transfor- 
mations. We show that if k is algebraically closed of characteristic zero then for any 
irreducible representation of H which affords the character x, x{^h) takes only the 
values 0, 1 or -1, moreover if is a Hopf algebra or a twisted quantum double of a 
finite group then xi^n) is the corresponding Frobenius-Schur Indicator. We also prove 
an analog of a Theorem of Larson-Radford for split semi-simple quasi-Hopf algebra 
over any field k. Using this result, we establish the relationship between the antipode 
S, the values of x{^h), and certain associated bilinear forms when the underlying field 
k is algebraically closed of characteristic zero. 

1 Introduction 

In the paper (iLMnn!), Linchenko and Mont gomery introduced and studied Frobenius-Schur 
indicators for irreducible representations of a semi-simple Hopf algebra H over an alge- 
braically closed field of characteristic p ^ 2. If A is the unique normalized left integral of H, 
i.e. e(A) = 1, set 

1/ = zy^ = ^AiAs. (1.1) 

(A) 

Here we have used Sweedler notation A(A) = X](a) ®^2; so that if m is multiplication in 
H then v = mo A(A). Then z/ is a central element of H and the Frobenius-Schur indicator 
i/^ of an irreducible if-module M with character x is defined via 

^x = xM. (1.2) 

In case is a group algebra k[G], u = \G\^^ J2geG9^ ~ 1^1^^ J^gea^id^) reduces to 

the original definition of Frobenius and Schur (cf.[CR,88j or |Ser77j . for example). Generaliz- 
ing the famous result of Frobenius and Schur for group algebras, Linchenko and Montgomery 
show that for general semi-simple H, can take only the values 0, 1, or —1. Moreover ^ 
if, and only if, M = M*, and in this case M admits a non-degenerate if- invariant bilinear 
form (-, ■) satisfying 

{u,v) = iy^{v,u) (1.3) 
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for M, V G M. Recall that (■, ■) is if-invariant if 



^{hiu,h2v) = t{h){u,v) (1.4) 
(h) 



for h E H and u,v E M. 



In a recent paper ( |KMM02] ) the authors showed how one may effectively compute Frobenius- 
Schur indicators for a certain class of Hopf algebras. Their work applies, in particular, to the 
case of the quantum double D{G) of a finite group G, and it was shown (loc. cit.) how the 
indicators for irreducible modules over D[G) may be given in terms of purely group-theoretic 
invariants associated to G and its subgroups. The algebra D{G) is of interest in orbifold 
conformal field theory ( |Mas95j ). indeed in this context there is a more general object, the 
twisted quantum double D'^{G), that arises naturally ( |DPR92] ). (Here, uj G Z^{G,C^) 
is a normalized 3-cocycle about which we shall have more to say below.) The present 
work originated with a natural problem: understand Frobenius-Schur indicators for twisted 
quantum doubles. 

D'^[G) is a semi-simple quasi-Hopf algebra (over C, say), but is generally not a Hopf algebra. 
One of the difficulties this imposes is that the antipode S is not necessarily involutorial 
(something that is always true for semi-simple Hopf algebras by a Theorem of Larson and 
Radford f |LR87j )). whereas having S"^ = id is fundamental for the Linchenko-Montgomery 
approach and therefore for the calculations in ( (KMM02j . If it happens that S"^ = id then 
Theorem 4.4 of (loc. cit.) can be used to obtain indicators given by 



X 



\G\-' Yl 7.i9,9-')0gix,x)xie{g)®x'). (1.5) 



(Undefined notation is explained below; and 6g are certain 2-cochains determined hj uj.) 

If G is abelian then D^{G) is a Hopf algebra ( |MJN01j ). though perhaps with a non-trivial 
13 element, and for any G it turns out that one can always gauge uj, i.e. replace it by a 
cohomologous 3-cocycle a;', in such a way that the antipode for D'^ [G) is an involution. 
So p.5|) provides a preliminary solution to our problem, but it is unsatisfactory for the 
following reason: if we gauge a;, the new 3-cocycle uj' will give new values for the Frobenius- 
Schur indicators which in general are not the same as the original values. While this may not 
be an issue if one is interested in a fixed D'^(G), there are both mathematical and physical 
reasons for insisting that the FS indicators for D'^{G) be robust, that is they depend only on 
the cohomology class of uj. From this standpoint, ()1.5|) is generally not what we are looking 
for. We need a more functorial approach. 

One knows that if uj and uj' are cohomologous then D^{G) and (G) are gauge-equivalent 
and that therefore the corresponding module categories are tensor equivalent (cf. |Dri 90j. 
DPR92], |Kas95p . Indeed, it follows from a result of Etinghof and Gelaki (|En02j) that 



the converse is also true, so that gauge-equivalence of the twisted doubles is the same as 
tensor equivalence of the module categories. So we are looking for invariants of such module 
categories with respect to tensor equivalence. Because Hopf algebras and twisted doubles 
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are not closed with respect to gauge equivalence, this means that we have to work with the 
module categories of arbitrary semi-simple quasi-Hopf algebras. 

Peter Bantay has introduced a notion of indicator into rational conformal field theory from 
a rather different point-of-view ( |Ban97j . |BanOOj ) . His point of departure is the Verlinde 
formula and the S and T matrices associated to a RCFT. To this modular data together 
with an irreducible character he associates a certain numerical expression and shows that it 
is equal once again to either 0, 1 or —1. It is possible to evaluate Bantay's indicator in case 
the matrices S and T are associated to a twisted double D'^{G) ( |Ban02j ) and one obtains 
the expression 

\G\-^ uj{g-\ g, g-'h,{g, g-^gix, x)x{e{g) ® x^). (1.6) 

Compared to (jl.5|) . contains an extra term u{g^^, g, g^^). Furthermore, it is easy to 

see that ()1.6p is robust in the previous sense. 

Suppose that H is any semi-simple quasi-Hopf algebra, and let M be an irreducible H- 
module with character x- In the present paper we will construct a canonical central element 
i>H of H with the following properties: 

(a) Uh is invariant under any gauge transformation of H . 

(b) If if is a Hopf algebra then coincides with (ll.lj) . 

(c) If if = D'^{G) then x{^h) coincides with Bantay's indicator ()1.6|) . 

(d) Asumme that k is algebraically closed and char k = 0. 

(i) xK) = 0,l, or-l. 

(ii) x{^h) 7^ if, and only if, *M = M . In this case, M admits a certain 
non-degenerate bilinear form (-, ■) such that 

{x,y) = {y,g'^x) (1.7) 

for all X, y & M. Here, g is a. distinguished element of H, which we call 
the trace element, which is independent of M. 

(iii) Tr(S) = xMxip-') • 

xelrr(H) 

Part (d) is the analog for general semi-simple quasi-Hopf algebras of the corresponding re- 
sult in |LM00j for Hopf algebras. The bilinear form (-, ■) has a certain adjointness property 
with respect to the antipode 5* of H, and there are relations to an analog of a Theorem of 
Larson- Radford [S is involutorial for semi-simple Hopf algebras). Namely, we show that for 
a semi-simple quasi-Hopf algebra the antipode is involutorial up to conjugation. The trace 
element g plays an important role in our discussion of (d), in particular its properties lead to 
the fact that the category H-modfin of finite-dimensional H-modules is a pivotal category 
in the sense of Joyal and Street. For twisted doubles, g coincides with /5, while for Hopf 
algebras the Larson- Radford Theorem implies that g = 1- 
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The proof that x{^h) takes only the values 0, 1 or -1 is somewhat elaborate. Indeed, in 
an earlier version of the present paper f |MJNj ) this had been left open. Subsequently, Pavel 
Etingof alerted us to the existence of his recent preprint with Nikshych and Ostrik |EJNUj 
on fusion categories, and suggested that some of the results obtained there could be used to 
help settle the issue of the values of our indicator. More precisely, Etingof pointed out that 
our trace element g defines an isomorphism of tensor functors Id — > **?. This together 
with S{g) = are the main ingredients in the proof. 

The paper is organized as follows: we cover some basic facts about quasi-Hopf algebras in 
Section 2, including several strategically important elements m H®H introduced by Hausser 
and Nill |HNj . In Sections 3 and 4 we define the central element vh and establish that the 
family of Frobenius-Schur indicators x{^h) is a gauge invariant for semi-simple quasi-Hopf 
algebras. In section 5 we show that our indicators coincide with those of Bantay in the case 
of a twisted double. In Section 6 we introduce the trace element g and establish the analog 
of the Larson-Radford Theorem, while Section 7 is devoted to further properties of g as 
discussed above. Section 8 covers the relation of indicators to bilinear forms and completes 
the proof of (d)(i), and in Section 9 we return to the case of twisted doubles to complete the 
analysis in that case. For simplicity, we will only work on algebraically fields of characteristic 
zero in Section 7, 8 and 9. 

The authors are indebted to Pavel Etingof for his interest and extended correspondence, and 
also thank Peter Bantay and Susan Montgomery for helpful discussions. 



2 Quasi-Hopf Algebras 

In this section we recall the definition of quasi-Hopf algebras and their properties described 
in |Dri90j and |Kas95j . Moreover, we recall some interesting results recently obtained in 



[UN] . |HN99bj .jIIN99a and |PVC)()()j . In the sequel, we will use the notation introduced 



in this section. Throughout this paper, we will always assume that is a field and any 
algebras and vector spaces are over k. In section 7, 8 and 9, we will further assume k to be 
an algebraically closed field of characteristic zero. 

A quasi-bialgebra over A; is a 4-tuple [H, A,e,^), in which H is an algebra over k, A : 
H — >H ® H and e : H — >k are algebra maps, and $ is an invertible element in H ® H ®H 
satisfying the following conditions: 

{e(^id)/\{h) = h={id®e)A{h)] (2.1) 

$(A ® id)A{h)^-^ = {id ® A)A{h) for all h e H; (2.2) 

{id®id<»A){^){A®id(^id){^) = (1 O <l>)(zd O A ® zc/)(<l>)(<l> O 1); (2.3) 

{id® e ®id){^) = l(g)l. (2.4) 



The maps A, e and $ are respectively called the diagonal map, counit, and associator of 
the quasi-bialgebra. If there is no ambiguity, we will simply write H for the quasi-bialgebra 
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(if, A, e, $). Using ()2.3|) . one can also easily see that 

(£ ® irf ® irf)(<l>) = 1 1 = {id id ® e){^) . (2.5) 

Moreover, the module category H-mod of the quasi-bialgebra if is a tensor category (cf. 
|Dri9()j and |Kas95j for the details). 

Following |Kas95j . a gauge transformation on a quasi-bialgebra H = {H, A,6,^) is an in- 
vertible element F oi H ® H such that 

{e®id){F) = 1 = {id®e){F). 

Using a gauge transformation on H, one can define an algebra map Ap : H — >H ® H hj 

Apih) = FA{h)F-^ (2.6) 

for any h E H, and an invertible element of H ^ H ® H hj 

^F = F){id^ A){F)^A0id){F-^){F-^ ®1) . (2.7) 

Then Hp = {H, Ap.e, $f) is also a quasi-bialgebra. 

Two quasi-bialgebras A and B are said to be gauge equivalent if there exists a gauge trans- 
formation F on B such that A and Bp are isomorphic as quasi-bialgebras. If A and i? 
are gauge equivalent quasi-bialgebras, A-mod, 5-mod are equivalent tensor categories (cf. 
Kas95j ). Conversely, if A, B are finite-dimensional semi-simple quasi-bialgebra such that 



A-mod and B-mod are equivalent tensor categories, then A and B are gauge equivalent 
quasi-bialgebras (cf. |EG02p . 

A quasi-bialgebra (iJ, A,£:, $) is called a quasi-Hopf algebra if there exist an anti-algebra 
automorphism S of H and elements a, (3 E H such that for all element h E H, we have 

J2 S{hi)ah2 = e{h)a, ^ hil3S{h2) = e{h)(3 (2.8) 
{h) (h) 



and 



J2 X,(3S{Yi)aZ, = 1, ^ S{X,)aY,pS{Z,) = 1 (2.9) 



where $ = (g) ® Z^, = Ei ® ® and ^^(ft) h ® h2 = A{h) . We shall 

write (if. A, e, $, a, /5, S') for the complete data of the quasi-Hopf algebra and S is called the 
antipode of H. When the context is clear, we will simply write H for the quasi-Hopf algebra 
{H, A,e,^,a, (3, S). One can easily see that a Hopf algebra is a quasi-Hopf algebra with 
$ = l(g)l(g)landa = /3 = l. 



Unlike a Hopf algebra, the antipode for a quasi-Hopf algebra is generally not unique. 
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Proposition 2.1 |Dri90t Proposition 1.1] Let H = A, e, $, a, /3, 5") be a quasi-Hopf al- 
gebra. If u is a unit of H then = {H, A,e,^,ua, f3u~^, S^) is also a quasi-Hopf algebra, 
where Su{h) = uS{h)u^^ for all h G H. Conversely, for any a',P' G H and for any algebra 
anti- automorphism S' of H such that H' = (if, A, £, $, a', /?', 5") is a quasi-Hopf algebra, 
then there exist a unique invertible element u of H such that 

Hu = H' . 

□ 

If F is a gauge transformation on tlie quasi-Hopf algebra H = {H, A, e, $, a, P, S), we can 
define ap and /3f by 

ap = ^S{di)aei and pp = ^ fiPS{gi) 

i i 

where F = fi ® gi and F^^ = di ® e^. Then, Hp = {H, Ap, e, ap, Pp, S) is also a 
quasi-Hopf algebra. 

The antipode of a Hopf algebra is known to be a anti-coalgebra map. For a quasi-Hopf 
algebra H, this is true up to conjugation. Following |Dri90j . we define 'j,6 E H ^ H hj the 
formulae 

7 = 5^5(f/,)a\/,®5(T,)aiy,, (2.10) 

i 

6 = ^Kjl3S{Nj)®LjpS{Mj) , (2.11) 

i 

where 

^Ti®Ui®Vi®Wi = {l^^~^){id(g)id^ A){^) , 

i 

^ Kj ® Lj (g) Mj (g) Nj = ( A (g) id O id) ($) ($"^ O 1) . 
j 

Then, 

Fh = J2{S ® S){A"P(X,)) ■ 7 ■ A{Y,(3S(Zi)) (2.12) 

i 

is an invertible element oi H ® H where = Xi®Yi® Zi. Moreover, 

FhA(5(/i))F^i = (5 ® 5)(A°P(/i) . 

for all h e H. 

The category of finite-dimensional left i7-module of a quasi-Hopf algebra H with antipode S", 
denote by H-modfin is a rigid tensor category. Let M be a finite-dimensional left if- module 
and M' its /c-linear dual. Then the ii-action on M', given by 



{h-f){m) = f{S{h)m) 
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for any / G M' and m G M, defines a left iJ-module structure on M' . We shall denote by 
*M the left dual of the M in if-modjj„. Similarly, the right dual of M, denote by M*, is 
the if-module with the underlying fc-linear space M' with the if-action given by 

{h-f){m) = f{S-\h)m) 

for any f e M' and m e M (cf. |Dri9()j l. 

In |HNj . |HN99bj and |HN99aj . Frank Hausser and Florian Nill introduced some interesting 
elements in H®H for any arbitrary quasi-Hopf algebra H = {H, A, e, $, a, f3, S) in the course 
of studying the corresponding theories of quantum double, integral and the fundamental 
theorem for quasi-Hopf algebras. These elements oi H ® H are given by 

= ® S-\aZi)Y, , pr = ^ X, ® F,/55(Z,) , (2.13) 

qL = Y. S(Xi)aY, ®Zi, Pl = J2 YiS-\X,f3) ® Z, (2.14) 

where ^ = Y^^Xi®Yi® Zi and = Yu^i®Yi® Zj. One can show easily (cf. |HNj ) 
that they obey the relations (for all a G i?) 

^(l®S-i(a2))gRA(ai), (2.15) 

(l®a)gi = 5^(5(ai)®l)giA(a2), (2.16) 

PR {a 1) = J]A(ai)pR(l®5(a2)), (2.17) 

PL {I® a) = ^A(a2)pL(5-^(ai)®l). (2.18) 

where A(a) = X]*^! ® '^2- Suppressing the summation symbol and indices, we write = 
q^ ® q^, etc. These elements also satisfy the identities (cf. |HNj ): 

A{q],)pn{l0S{qji)) = 10 1, (2.19) 

{l0S-\pl))qRA{p],) = 10 1, (2.20) 

A{ql) pUS-\qi) ® 1) = 10 1, (2.21) 

{S{pl)(E)l)qLA{pl) = 101. (2.22) 

We will use these equations in the sequel. 



3 Central Gauge Invariants for Semi-simple Quasi-Hopf 
Algebras 

Suppose that H = {H, A,e,^,a, P, S) is a finite-dimensional quasi-Hopf algebra. A left 
integral of H is an element / of H such that hi = e{h)l for all h ^ H. A right integral 
of H can be defined similarly. It follows from |HNj that the subspace of left (right) inte- 
grals of H is of dimension 1. Moreover, if H is semi-simple, the subspace of left integral 
is identical to the space of right integrals of H and ^(A) 7^ for any non-zero left integral 
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A oi H (see also |PVU00j ). We will call the two-sided integral A of H normalized if ^(A) = 1. 

Let A be a left integral of H. Then for any a & H, 

e{a)A{A) = A(a)A(A) . (3.1) 
Similarly, if A' is a right integral of H, then we have 

e{a)A{A') = A(A')A(a) . (3.2) 
We then have the following lemma. 

Lemma 3.1 Let H = {H, A, e, $, a, (3, S) be a finite- dimensional quasi-Hopf algebra. 

(i) If A is a left integral of H, then for any a & H, 

(l®a)gRA(A) = (5(a) ® l)gHA(A) , (3.3) 
(l®a)gLA(A) = (S(a) ® l)gLA(A) , (3.4) 
and {(3 ® l)gLA(A) = (/3 ® l)gijA(A) = A(A) . (3.5) 

(ii) If A' is a right integral of H , then for any a & H , 

A(A')p«(a®l) = A{A')pR{l®S{a)), (3.6) 
A{A')pL{a(g)l) = A(A')pL(l®5(a)), (3.7) 
and A(A>i(l®a) = A(A')pij(l ® a) = A(A') . (3.8) 

Proof, (i) By the equations ()3.ip and ()2.15|) . for any a ^ H, 

(a®l)gRA(A) = S-\ai)))qnA{a2)A{A) 
= {l^S-\a,e{a2)))qRA{A) 
= S-\a))qnAiA). 

Hence, by substituting a with S{a), we prove equation (j3.3p . Now we have 

A(A) = {l®S-\pl))qRA{p],)A{A) (by(E2i) 
= S~\ple{p],))qnA{A) (by (EU) 

= S-'mqnA{A) (byQ) 

= (/3®l)gfiA(A) (bydH). 

The remaining formulae in (i) and (ii) can be proved similarly using equations ()2.5|) . ()2.15p - 
(EH) and □ 



Lemma 3.2 Let H = {H, A, e, $, a, (3, S) be a finite- dimensional quasi-Hopf algebra and F 
a gauge transformation on H. Suppose that q^i^q^^p^^PL are the corresponding p's and q's 
for Hp defined m (^J^ and (HJ^ . 
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(i) If A is a left integral of H, then 

q^ApiA) = qRAiA)F~' and gf Ai.(A) = gLA(A)F^' • 

(ii) If A' is a right integral of H , then 

A^(A')p^ = FA(A')pij and A^(AOpf = FA(A'K ■ 

Proof, (i) Let $"1 = ^ . X^- ® Yj ®Zj,F = ^.f,® g, and P-^ = J2idi®ei. Then, we 
obtain 

= {P®l){A®id){P)^-\id0A){p-^){l®P~^) 

= (F^l) fr,iXjdi ® fi,2Yjei^i (?.^,Q,2 j (1 ® P-') 

where A(/i) = fi,i ® /i,2 and A(e;) = Y^ci^i (g) 6^,2- Thus, we have 

gf Ap(A) = S{f,f,,J(,di)aFg,f,,2Y,ei,, ® ^/.Z,Q,2) F-iFA(A)F-i 

5'(/i,iXjrfz)a/i,2>^jei,i O giZjCi^-^ A{A)P~^ (since ^ S'(/i/)aFfi'i 

^(/,,iX,dz£(eO)a/.,2F, ® A(A)F-i (by (jSID) 



/ = a 



= (5Z SU^,lX,)af,,2Y, ® g^Z^ A{A)p-' (since J] ci;£(Q) = 1^) 

= (J2 S(Xj)ae{fi)Y^ ® A(A)F-i (since SiAihA2 = e{fda) 

= (5^5(X,)aF,®Z,) A(A)F-i (since ^£(/,)(7i = lH) 

= gLA(A)F-i) 
The other three equations can be proved similarly. □ 

Theorem 3.3 Let H = [H, A, e, $, a, (3, S) be a finite- dimensional quasi-Hopf algebra. Sup- 
pose that A is a two-sided integral of H . Then, the elements 

qnA{A)pn, g^A(AK , qLA{A)pR, and qLA{A)pL 

in H ® H are invariant under gauge transformations. Moreover, 

m{qRA{A)pR) = m{qRA{A)pL) = m{qLA{A)pR) = m{qLA{A)pL) 

where m denote the multiplication of H. In addition, m{qRA{A)pR) is a central element of 
H. 
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Proof. It follows from Lemma f3. 21 that for any gauge transformation F on H, 

gf A^(A) = g.A(A)F-\ and A^(A)pf = FA(A)p, 

where gf = g£ or and = p£ or p^. Thus we have 

gfA^(A)pf = g,A(A)F-Vf 
= g,F-iA^(A)pf 
= q,F-^FA{A)p, 
= g*A(A)p* . 

Let m denote the multiplication of H and let niRji, rriRL, itllr and uill denote the elements 

m{qRA{A)pR), m(gRA(A)pi), m{qLA{A)pR), and m(giA(A)pi) 

respectively. Then for any a E H, 

S{a)mjiR = m{{S{a) 'S)l)qRA{A)pR) 

= m{{l ® a)qRA{A)pfi) bv Lemma 13. IH ) 
= m{qRA{A)pR{a ^ 1)) 

= m{qRA{A)pR{l® S{a))) by Lemma O^ii) 
= mRRS{a) . 

As S is an automorphism, the above equation implies that m^fi is in the center of H. Using 
the same kind of arguments, one can show that m^L^mi^ and mn are each in the center 
oiH. 



Let Qr, Ql, Pr and Pl denote the elements 

m(gfiA(A)), m(gLA(A)), m{A{A)pR) , and m(A(A)pL) 
respectively. Then, we have 

rriRR = q\Aip\q\A2p\ 

= {p\)qRAiq\A2q\ by Lemma Elfi) 

= S{p],)QrpI ^3.9) 
= Y,S{X,)Qr0Y,S(Z,) 



and 



rriRR = q]^Aip]^qlA2p\ 

= Y ^R^^Pr^^Pr^ ((1r) by Lemma ElUii) 

= q'nPRSiql) 

= Yx^PRS{Y^aZi 



(3.10) 
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where $ 



Y,j Xj (g) Yj (g) Zj and $ = (g) O Zj. Similarly, 



(3.11) 



By dSUl) and (jSSl), we have 



Ql = rriLRa , 
Pr = prriLR . 



(3.12) 



Therefore, using equation ()2.9p . we have 



mRR = S{Xj)mRLaYj(3S{Zj) 



mRLS{Xj)aYjpS{Zj) = uirl 



Similarly, using equations ()3.10|) . 1)3.111) and ()3.12|) we can prove 



rriRR = niLR = tjill ■ 



□ 



In |HNj and |PVO00j . it is shown that a finite-dimensional quasi- Hopf algebra H is semi- 
simple if, and only, if there exist a unique normalized two-sided integral. In this case, we 
have the following: 

Definition 3.4 Let H = {H, A, e, $, a, (3, S) be a finite-dimensional semi-simple quasi-Hopf 
algebra and let A be the unique normalized two-sided integral of H. We denote by the 
central element 



discussed in Theorem 13.31 

Corollary 3.5 Let H = {H, A, e, $, a, (3, S) be a finite- dimensional semi-simple quasi-Hopf 
algebra and A the normalized two-sided integral of H. Then vh is invariant under gauge 
transformations, that is 

l^H = I' Hp 

for any gauge transformation F on H . Moreover, 



Proof. The first statement follows immediately from Theorem 13.31 By equation ()3.5|) and 
()3.8|) . we have /5z/j^a = ^(AiA2). Since vh is central, then the result follows. □ 



m{qLA{A)pL) 




where ^ Ai (g A2 = A(A). In particular, if both a and (3 are units of H, then 



UH = 5^(AiA2)(/3a)-i = (/3«)-i5^(AiA2). 
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Corollary 3.6 Let H = {H, A,e,<^,a, P, S), H' = {H' , A' ,e',<^' ,a' , P', S') be semisimple 
quasi-Hopf algebras. If H and H' are gauge equivalent quasi-bialgebras via the gauge trans- 
formation F on H and the quasi-bialgebra isomorphism a : Hp — >H' , then 

a{vH) = vh' ■ 
In particular, if u is a unit of H , then = ^h- 

Proof. Since Hp and H' are isomorphic quasi-bialgebras, (if', A', e' , a{ap), a{j3p), aSa^^) 
is a quasi-Hopf algebra. By Proposition 12.11 there exists a unit u of H' such that 

aSo^^{a) = uS'{a)u^^, cr{Pp) = ua' and a{Pp) = P'u~^ . (3.13) 

for all a G H'. Then, we have 

aS-^a-\a) = S'-\u)S'-\a)S'-\u-^) . (3.14) 

Let A be the normalized two-sided integral of H. Since a is a quasi-bialgebra isomorphism, 
(t(A) is then a two-sided integral of H' and 

.V(A)) = ^(A) = 1- 

Therefore, A' = o'(A) is the unique normalized integral of H'. In particular, we have 

{a ® a)Ap{A) = ^A[® and {a ^ a ® a){^p) = ^' 
where ^ A; ® A'^ = A'(A'). Let 

and (o-(g)o-)AF(A) = ^Af (g) Af . 

Then, 

o'ii'H) = cr^UHp) by Corollary ()3.5j) 
= ^ {j2xfA(Xs-\apZnYrA^Y^/3pS(Z^)) 
= Y.^[A% {aS-'){apZf)Y:!^,Y]a{(3p) {aS)(z';) 

= $^X;a;X; iaS-'a-')iZ:) iaS-'a-')iaiap))Y:A',Y'^aiPp) {aSa-')(z]) 

= ^x;a;x^ s'-\u)s'-\z[)s'-\a') yia'^]p's'(z'^)u~^ by (nm|) and (nm|) 

= ^X[A\x]S'-^{a'Z';)YlA'^Y]p'S'(z'^)uu-^ by Lemma Elii) 

= Vh> . 

For any unit u oi H, H and Hu are obviously gauge equivalent as quasi-bialgebra under the 
gauge transformation 1 ® 1 and the quasi-bialgebra isomorphism idn- Hence, the second 
statement follows. □ 
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4 Frobenius-Schur Indicators 

Let {H, A, e, $, a, [3, S) be a semi-simple quasi-Hopf algebra over the field k. Let M be an 
irreducible if-module with character x- We call x{^h) the Frobenius-Schur indicator of x 
(or M). The family of Frobenius-Schur indicators {x(z^h)} is in fact an invariant of the 
tensor category //-mod for any semi-simple quasi-Hopf algebra H. 

Theorem 4.1 Let H = {H, A, e, ^, a, f3, S) and H' = {H', A' , e' , a', /3' , S') be finite- 
dimensional semi-simple quasi-Hopf algebras over an algebraically closed field k of char- 
acteristic zero. If H-mod and H'-mod are equivalent as k-linear tensor categories, then 
the families of Frobenius-Schur indicators for H and H' are identical. 

Proof. If H-mod and H'-mod are equivalent as /c-linear tensor categories, then, by |EG02| 
Theorem 6.1], H and H' are gauge equivalent quasi-bialgebras. Suppose that F is a gauge 
transformation on H and a : Hp — >H' is a quasi-bialgebra isomorphism. It follows from 
Corollary 13.51 that 

a{iJH) = I'M' ■ 

Let Irr(if), \ii{H') be the set of irreducible characters of H and H' respectively. Then, 
the map x' x' ° is a bijection from Irr(if') onto \ii{H). Moreover, for any irreducible 
character x' of 

Thus, {x'l'^HOI^^'elrrci?') identical of the family {x{.t^h)}^^i^^h)- ^ 

Remark 4.2 If is a semi-simple Hopf algebra, then $ = 1 C?) 1 ® 1 and a = (3 = 1. It 
follows from Corollarv 13. 51 that 

where ^ Ai (g) A2 = A(A) and A is the normalized two-sided integral of H. Thus, x{^h) 
coincides with the Frobenius-Schur indicator defined in |LM00j . 

As an application of Theorem, we give a simple alternative proof of the fact that C[Q8]-iiiod 
and C[D8]-mod are not equivalent as C-linear tensor categories where Qs and are the 
quaternion group and the dihedral group of order 8 respectively (cf. |TY98j ) . 

Proposition 4.3 |TY98j The C-linear categories C[Qs]-mod andC[DQ]-mod are not equiv- 
alent as tensor categories. 

Proof. Let G = ot Qg. Then, G has four degree 1 characters and one degree 2 irreducible 
character X2- Let z be the non-trivial central element of G. Then X2{z) = —2 and x{^) = 1 
for any character x of G of degree 1. Since i'g = I J^gead"^' '^^^ '^^^ easily obtain that 

^Qe = ^i^^ + 2e), and = ^(2^ + 6e) 

o o 

where e is the identity of the group. Thus, the family of Frobenius-Schur indicators for 
is {1, 1, 1, 1, —1} but the the family of Frobenius-Schur indicators for is {1, 1, 1, 1, 1}. By 
virtue of Theorem 14.11 C[Q8]-mod and C[D8]-mod are not equivalent as C-linear tensor 
categories. □ 
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5 Bantay's Formula for Indicators of Twisted Quan- 
tum Doubles 

In this section, we will show that if if is a twisted quantum double of a finite group G over 
the field k such that \G\~^ exists in k, then for any irreducible character x of H, x{^h) is 
identical to Bantay's formula (|1.6|) . We begin with the definition of twisted quantum doubles 
of finite groups. 

Let G be a finite group and u : G x G x G — >k^ be a normalized 3-cocycle; that is, a 
function such that u!{x, y,z) = 1 whenever one of x,y oi z is equal to the identity element 1 
of G and which satisfies the functional equation 

^{g, a;, y)uj{g, xy, z)uj{x, y, z) = uj{gx, y, z)uj{g, x, yz) for any g,x,y,z eG. (5.1) 

For any g E G, define the functions 6g,'yg : G x G ^ k^ as follows: 

Of ^ _ ^ia, X, y)uj{x, y, {xyY^gxy) 

uj{x,x ^gx,y) 

f ^ ^{x,y,g)uj{g,g-^xg,g-^yg) 

lgKx,y) = J 7 — ^ . 5.3 

u{x,g,g-^yg) 

Let {e{g)\g G G} be the dual basis of the canonical basis of k[G]. The twisted quantum 
double D'^{G) of G with respect to u is the quasi-Hopf algebra with underlying vector space 
k[G]' ® k[G]. The multiplication, comultiplication and associator are given, respectively, by 

{e{g) <S) x){e{h) ^y) = 9g{x, y)6g^^hx-^e{g) ® xy , (5.4) 
A(e(5f) (g) x) = ^ 7a;(/i, k)e{h) ®x® e{k) x , (5.5) 

hk=g 

$ = uj{g,h,ky^e{g)(»l®e{h)®l(^e{k)®l. (5.6) 

g,h,k^G 

The counit and ant ip ode are given by 

e{e{g) ® x) = 6g^i (5.7) 

and 

^(e(^) (S)x) = Og-i (x, x-^)-^-i^{g, g-^)-^e{x-^g-^x) ® x'^ , (5.8) 

where 5g^i is the Kronecker delta. The corresponding elements a and [3 are 1d'^{g) and 
^ u!{g, g~^, g)e{g) ® 1 respectively (cf. |DPR92j ). Verification of the detail involves the 

following identities, which result from the 3-cocycle identity for u: 

e,ia, b)e,{ab, c) = Oa-iUb, c)^.(a, be) , (5.9) 
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ey{a,b)e^{a,b)-fa{y,zhb{a ya,a za) = ey^{a,b)-fab{y, z) , (5.10) 

7^(0, 6)72(06, c)ij{z~^az, z^^hz, z^^cz) = 72(6, 0)72(0, 6c)ti;(a, 6, c) , (5-11) 
for all a, 6, c,y, z E G. 

Remark 5.1 The algebra D^{G) is a semi- simple (cf. [JL)PH92'). If = 1, then the twisted 
quantum double D'^{G) identical to the Drinfeld double of the group algebra k[G]. However, 
D^{G) is not a Hopf algebra in general. Moreover, even if uj,u!' differ by a coboundary, 
D^{G) and (G) are not isomorphic as quasi-bialgebras. Nevertheless, they are gauge 
equivalent. In addition, if G is abelian, D'^{G) also admits a Hopf algebra structure with the 
same underlying A, e and S (cf. |MJN01j ). 



Let 

A = ^ Ve(l)®xGD"(G'). (5.12) 
G ^ 

It is straightforward to show that A is a left integral of D'^{G). Moreover, 



5(A) = 1. 

After |Pan98j and |HJNj . this gives another proof of the semi-simplicity of D'^{G). Note that 
A(A) = ^ Ai ® A2 = ^ 7a=(^, g'^)e{g) ®x® e{g-^) ® x . 

Since f3a = (3 is invertible, it follows from Corollarv 13.51 that 



^^(^u;{g,g \g) \e{g)®l)^ lx{g, g-^){e{g) ® x){e{g-^) ® x)^ 

^[Y.u{g~\g,g-'){e{g)®l)\{ J] 



2\ 



lxig,g ^)9gix,x){e{g) (g) x 

yg&G / \x^^gx=g 

= \G\-^ Yl uj{g-\g,g-'h,{g,g-yg{x,x){e{g)(^x^). 

x~^ gx=g~^ 

Here we have used the equality 

which is readily derived from equation ()5.1|) . Thus for any irreducible character x of D^{G), 
the Frobenius-Schur indicator of x is 

xi^^D-^iG)) = \G\'^ ^(^"\ g, g'^hxig, g~^)Og{x, x)x{e{g) ® x^) 

x~^gx=g~^ 

as given by Bantay. 
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6 Trace Elements and Antipodes of Semi-simple Quasi- 
Hopf Algebras 



It is proved by Larson and Radford |LR87j |LR88j that if char k = 0, the antipode of a 



semi-simple Hopf algebra over k is an involution. However, the antipode of a semi-simple 
quasi- Hopf algebra H could be of any order. Nevertheless, we prove an analog of the Larson- 
Radford theorem for a split semi-simple quasi-Hopf algebras H over any field k: there exists 
a unit u ^ H such that the antipode of Hu is an involution. To this end we introduce the 
trace element g of a semi-simple quasi-Hopf algebra. This element will play a role throughout 
the remaining Sections of the paper. 

Let H = {H, A,e,^,a, (3, S) be a finite-dimensional semi-simple quasi-Hopf algebra over k 
and A the normalized two-sided integral of H. By |HNj . there exists a functional A G H', 
called the normalized left cointegral of H, given by the formula 

A(x) =J2b'ixS\bi)S{(3)a) (6.1) 

i 

for all X & H, where {bi} is a basis of H and {6*} is its dual basis (see |HJNj for the details 
of cointegral). The normalized left cointegral A admits the following properties : 

(i) A(A) = 1. 

(ii) X{ab) (a, b G H) defines a non-degenerate bilinear form on H. 

(iii) For all a,b & H, 

X{ab) = \{bS\a)) . (6.2) 

Let Xreg dcuote the character of the left regular representation of H. The bilinear form 
on H defined by {a,b)^^g := Xreg{cib) is then symmetric and non-degenerate. By the non- 
degeneracy of A, there exists a unique element g of H such that 

Xregix) = X{xg) (6.3) 

for all X G if. We call g the trace element. 

Example 6.1 If char k = 0, and if is a finite-dimensional semi-simple Hopf algebra over k, 
then = idu. By dHID, 

K^) = b\xbi) = Xregix) ■ 

i 

Thus, the trace element of ii is 1. 

Lemma 6.2 Let H = [H, A,e,^,a, (3, S) be a finite- dimensional semi-simple quasi-Hopf 
algebra. Then the trace element g of H is invertible and 

S'^ia) = g-^ag 

for all a E H. Moreover, gS{g) is in the center of H and gS{g) = S{g)g. 
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Proof. By ()6.3|) . the left annihilator of (7 in if is a subset of ker Xreg- Since if is semi- simple, 
ker Xreg does not contain any non-trivial left ideals of H. Therefore, the left annihilator of 
g is trivial. Since the left regular representation of H is faithful and finite-dimensional, g is 
invertible. Thus, we have 

X(ab) = X{abg'^g) = Xregiabg'^) = Xregipg~^a) = \{hg'^ag) 

for all x,y & H. By the non-degeneracy of A and ()6.2|) . we obtain 

for all a & H. In particular, 

Sig-'ag) = S'ia)=g-'Sia)g. 

Therefore, 

gS{g)S{a) = S{a)gS{g) 

for all a G if and hence gS{g) is in the center of H. Taking a 
the last statement follows. □ 



(6.4) 

g~^ in (j6.4j) . the result in 



Lemma 6.3 Let A be a finite- dimensional split semi-simple algebra over k and S an algebra 
anti- automorphism on A such that S"^ is inner. Then there exists a unit u & A such that 
Si = idA where 

for all X (z A. 

Proof. Without loss of generality, we can assume that A is a direct sum of full matrix rings 
over fc, say A = ©f^j^M„.(/c). Let denote the natural embedding from Mn^k) into A, pi 
the natural surjection from A onto MnX^), and Ai the image of Li. Then, Ai, - ■ ■ ,Ad is the 
complete set of minimal ideals of A. Since S is an algebra anti-automorphism, there exists 
a permutation a on {1, . . . ,d} such that S{Ai) = A„(^i) for alH = 1, . . . , ci. As S"^ is inner, 
S'^{Ai) = Ai for all i and so = id. 

Since S{Ai) = Mn,{k) = Mn^^i^{k). Moreover, pjoSoa = for j ^ a{i) and o o 

is an algebra anti-automorphism on Mn^{k). By the Skolem-Noether theorem, there exists 
an invertible matrix Ui G Mn^^.^{k) such that Po-(j) ° S o l{x) = u~^x^Ui for any x G Mrn{k) 
where is the transpose of x. 

Let u = Yl'i=i f'<T{i){ui). Since Ui is invertible in Mn^^.^{k) for all i, u is invertible in A. Since 
S{Ai) = y4o-(j) is an ideal of A, Su{Ai) = A^-^i). Then for any x G M^ik), 

Pa{i){Su{ti{x))) = Ui{p„(i) O S O ti{x))u^^ = X* . 



Thus, 



l^a{i){x^) = l^a{i) ° Pa{i){Su{l'i{x))) = Suiti{x)) , 
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and hence 

as 0"^ = id. Therefore, Sl{a) = a for all a G Ai, i = 1, . . . ,d. Since A = Ai Q) ■ ■ ■ Q) A^, 
Si = idA- □ 

Theorem 6.4 Let H = {H, A, e, a, j3, S) he a finite- dimensional split semi-simple quasi- 
Hopf algebra over k. Then there exists an invertible element u of H such that the antipode 
of Hu is an involution. 

Proof. It follows from Lemma [6.21 or |HJNt Proposition 5.6] that S*^ is inner. By Lemma f6.3| 
the result follows. □ 



Remark 6.5 Suppose u is an invertible element of H and M a finite-dimensional left H- 
module. Let "^M, *M denote the left dual of M in if„-modjj„ and if-modjj„ respectively. 
Then, and *M are isomorphic left if-modules under the map 0„ : — >*M defined by 

<PuU)i.^) = f{ux) 

for all X e M and / G M'. In particular, M = *M if, and only if, M = +M as left if-modules 
(cf. fPuM pl425]). □ 

7 Pivotal Category Structure of H-modfin 

We begin (Theorem 17. 1|) with Etingof 's observation that the trace element g of a. finite- 
dimensional semi-simple quasi-Hopf algebra H = {H, A,e,^,a, P, S) over an algebraically 
closed field of characteristic zero defines an isomorphism of tensor functors 



J : Id- 



Moreover, we prove that S{g) = g~^, a fact that we will need in Section 8. A direct result 
of this is that H-modfin is a pivotal category in the sense of Joyal and Street (cf. |FY92j ). 
For the remainder of this paper we will assume that k is an algebraically closed field of 
characteristic zero. 

For simplicity, we write C for the semi-simple rigid tensor category H-modfin in this section. 
Obviously, C is a fusion category over k (cf. |ENUj ). Recall from |BK01j that if V & C and 



/ : V — >• *V then the categorical trace of / is the scalar try(/) defined by 

ev.y o (/ (g) id) o coevy ■ (7-1) 

where ev^ : *V (8> V — >k and coevy : k — > V are evaluation and coevaluation maps. 
Following |Muej . for any simple object \^ in C and an isomorphism / : V — > *V, we define 

\V\' = tTy{f)tT.y{Xf~')). (7.2) 
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Clearly, \V\ is independent of the choice of /. 

By |EJNUj . there exists an isomorphism of tensor functors 

J : Id — ^**? 

such that for any simple object of C, 

try(j) = FPdim (V) = dim{V) (7.3) 

where FPdim {V) is the Frobenius- Perron dimension of V. Moreover, 

\V\'^ = dim{V)^ . (7.4) 

Let a be the unique invertible element of H such that 

jH(l)(/) = /(a) (7.5) 

for all / G *H. By the naturality of j, one can show that 

S'^(x) = axa"^ for all x G if, (7.6) 

and for any V & C, j : V — > **V is given by 

jy{x)if) = f{ax) (7.7) 

for all X E V and / G *V. Thus, by ()7.H) and ()7.2p . for any simple objective V in C with 
character x, 

dim{V) = xiaPSia)) , (7.8) 

and 

\V\' = x{aPS{a))x{a-'S{P)a). (7.9) 
Hence, by (|7.8|) and (j7.4j) . we also have 

dim{V) = x{a'^S{(3)a) (7.10) 

In fact, is the trace element of H. 

Theorem 7.1 Let H = {H, A,e,^,a, (3, S) be a finite-dimensional semi-simple quasi-Hopf 
algebra over k and g the trace element of H. Then the natural isomorphism jy : V — > **V 
for any V in H -mod fin, given by 

Mx){f) = f{g-'x) 

for all X E V and f G *V , defines an isomorphism of the tensor functors Id and **? such 
that 

dim{V) = xig-'PSia)) 
for any simple H -module V with character x- 
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Proof. By the preceding discussion, it suffices to show that the element a defined in fj7.5p is 
identical to g~^. By Lemma 16.21 and (|7.6p . ag is in the center of H. Therefore, it is enough 
to show that for any simple iJ-module V with character x, 

xia/3Sia)) = xig-'^Sia)) . 

Let ey be the central idempotent of H such that 

X{x) dim{V) = Xregieyx) 

for all X ^ H. Thus, we obtain 

xi9~^l3S{a))dim{V) = Xregiev9~^/3S{a)) 

= Xregiev/3S{a)g-^) 
= XievpS{a)) 

where A is the normalized left cointegral of H. Let {6*} be the dual basis of the basis {bi} 
of H. Then, we have 

x{g~^f3S{a))dim{V) = ^ 6*(ey/?^(a)^2(6,)^(/?)a) 

i 

= Xreg{evPS{a)abia~'^S{(3)a) 

= xi/3S{a)a)xia-^S{f3)a) 

= \V\^ = dim{Vy by and dUD . 

Therefore, by ()7.8|) . we obtain 

x{g''PS{a)) = dhniV) = xiaPSia)) . 

□ 

Theorem 7.2 Let H = [H, A,e,^,a, (3, S) be a finite- dimensional semi-simple quasi-Hopf 
algebra over k and g the trace element of H . Then S{g) = g~^ and hence 

*Uv)° 3*v = 'id*v (7.11) 

for any V G H -mod fin 

Proof. Since gS{g) is central, gS{g) acts on any simple if-module V as multiplication by a 
scalar cy G k. In order to show that S{g) = g~^, it suffices to prove that 

Cv = 1 

for any simple if-module V. 
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Let y be a simple if-module with character x- Then the character of *V is *x given by 



Therefore, cy = 1. Equation ()7.11|) follows easily from S{g) = g ^. □ 

Theorem 17 .11 and (|7.11|) implies that H-modfin is indeed a pivotal category defined by Joyal- 
Street (cf. [FY92j). Nikshych also pointed out that (frTT|l can be proved using weak Hopf 
algebras. 



8 Frobenius-Schur Indicators via Bilinear Forms with 
Adjoint S 



Let H = {H, A, e, $, a, /3, S) be a finite-dimensional semi-simple quasi-Hopf algebra over k, 
and g the trace element of H. In this section, we will prove that for any simple left if-module 
M with character x, the Frobenius-Schur indicator x{^h) of x can only be 0, 1 or -1. It is 
non-zero if, and only if M = *M. Moreover in this case, M admits a non-degenerate bilinear 
form (-, ■) such that {hu,v) = {u, S{h)v) for all h E H, u,v E M, and 



Definition 8.1 Let H = {H, A,e,^,a, f3, S) be a quasi-Hopf algebra over k, M be a left 
H -module and (■, ■) a bilinear form on M. 

(i) The form is said to be H-invariant if 



for all h E H and u,v E V . 

Lemma 8.2 Let H = {H, A,e,^,a, j3, S) be a quasi-Hopf algebra over k and M a simple 
left H-module. If (■, ■);^ and (■,-)2 o'^e non-degenerate bilinear forms on M with the same 
adjoint S , then there exists a non-zero element c E k such that 



*x = x° s . 



By Theorem EH jlH) and (TTTnil . we have 



dimCV) = *xigS{P)a) = x{Sia)S'iP)S{g)) 

= x{S{a)g-'(3gS{g)) = cy x{S{a)g~'P) 
= Cy dim(y) 



{u,v) =x{^H){v,g u) . 




for all h E H and u^v eV where ^ /ii ® /i2 = A(/i). 
(ii) The antipode S is said to be the adjoint of the form if 

{hu, v) = {u, S{h)v) 



{u, v) 



1 



c{u,v)2 



for all M, f G M. 
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Proof. Define Ji : M — ( i = 1, 2) by 

for u,v E M. Since (■, ■)^ and (■, are non-degenerate bilinear forms on M witli tlie adjoint 
S, Ji, J2 are isomorphisms of if-modules. In particular, M and *M are isomorphic simple 
if-modules. By Schur's lemma, Ji = CJ2 for some non-zero element c G A; and so the result 
follows. □ 

Lemma 8.3 Let H = {H, A,e,^,a, (3, S) be a finite- dimensional semi-simple quasi-Hopf 
algebra, A the normalized two-sided integral of H and g the trace element of H . Suppose 
that 

n 

Qr'^Wpr = ^Xi(g)yi 
1=1 

where {xi} is basis of H . Then {S{xi)g~^ ,yi} is a pair dual bases with respect to (■, \^g- 

Proof. Following |HJNj . we define the elements U,V E H ^ H hj 

U = F^\S ® S){ql') , (8.1) 
V = (8.2) 

where Fh, qR,pReH^H are defined in (ETT^ and (IZT!?!) . By [HN, (7.3) and (7.4)], 

qRA{A)pn = {ql ® 1)V A{S-\ql)) A{A)A{S{pl)) U{pl 1) 
= {qle{S-\ql)) ® l)V A(A) U{e{S{pl))pl ® 1) 

By |Dri90| Remark 7], eoS = e = eo S^^. Therefore, 

qle{S-\ql))=e{a)lH^ and e{S{pl))pl = e{P)lH ■ 
It follows from ()2.9|) that e{a(3) = 1 and so 

qRA{A)pR = e{a)e{(3)VA{A)U = VA{A)U . 
Let A be the normalized left cointegral of H. By [HN' Proposition 5.5], 

^S{xi)X{yia) = a 

i 

for all a & H. In particular, 

a = {0-9)9^^ = ^S{xi)g'^X{yiag) = ^ S{xi)g'\regiyia) . 

i i 

Since {S{xi)g~^} is also a basis of H, Xreg{yiS{xj)g^^) = 6ij and so {S{xi)g^^,yi} is a pair 
dual bases of H with respect to (■, □ 
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Lemma 8.4 Let A be a finite- dimensional semi-simple algebra over k and {aj,6j} a pair 
dual bases with respect to the form (-, Then 

aA = 1a ■ 

i 

Proof. Without loss of generality, we may assume that A = ®tiMnXk)- Then Xreg{x) = 
J2i=i ^it'i^ii.x) where trj(x) is the trace of the ith component matrix of x. Let {ej^} be the 
set of matrix units for the ith summand Mmik) of A. Following jLMOOj . {n^^ e^^, el^i} is a 
pair of dual basis with respect to (■, Thus, 

i,l,m, i,l 

It follows from |LMOO| Lemma 2.6] that 

i i,l,m 

□ 



Corollary 8.5 Let H = {H, A, e, $, a, (3, S) be a finite- dimensional semi-simple quasi-Hopf 
algebra over k. Then trace element g of H is given by 

g = mT{S (g) id){qRA{A)pR) 

where A is the normalized integral of H , m is multiplication and r the usual flip map. 
Proof. Let 

i 

By Lemma f8. 31 and Lemma f8. 41 we have 

^yiS{xi)g~^ = 1 

i 

and so the result follows. □ 

Let {oj, hi} be dual bases of the semi-simple quasi-Hopf algebra H with respect to the form 
(-, discussed in Lemma [8.31 For any /c-involution I on H and for any character x of H, 
we define 
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Remark 8.6 Since Yli^i^i ~ by Lemma 18.41 the /X2 defined in |LM00t Therorem 2.7] 
with respect to the fc-involution X is given by 

which coincides with /i2(X)^)- 

Lemma 8.7 Let H = {H, A,e,^,a, (3, S) be a finite- dimensional semi-simple quasi-Hopf 
algebra over k, g the trace element of H, and M an irreducible H -module with character x- 
Then for any unit u E H such that Su is an involution, 

where c is the non-zero scalar given by 

^ xiuS{u-'^)g-^) 
^ dim M 

Proof. If M is a unit of H such that Su is an involution, then for any x ^ H, 

X = Sl{x) = uS (u^^) S"^ (x) S {u)u^'^ 

or equivalently 

S'^{x) = S {u)u~'^xuS (u^-^) . 

By Lemma f(j.2| uS{u^^)g^^ is in the center of H . Thus, uS{u^^)g^^ acts on M as multiph- 
cation by the non-zero scalar 

^ xiuS{u-^)g-^)) 
^ dim M 

Suppose that 

Qr^Wpr = ^Xi(g)yi 

i 

as in Lemma f8.3l where A is the normalized two-sided integral of H. Then we have 
IJ'2ix,Su) = xi^SuiS{x,)g~^)yi) 

i 

= xi^uS{g'^)S'^{xi)u~^yi) 

i 

= x(^uS{g'^)g'^x,gu''^y,) 

i 

= xC^uS{g'^)g'^S{u'^)S{g)xiy,i} (by Lemma EH} 

i 

= xC^uS{u'^)g~^Xiyi) (by Lemma EZ 

i 

= cx{vh)- 
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Theorem 8.8 Let H = {H, A,e,^,a, (3, S) be a finite-dimensional semi-simple quasi-Hopf 
algebra over k, g the trace element of H, and M a simple H -module with character x- Then 
the Frobenius-Schur indicator x{^h) of x satisfies the following properties: 

(i) x{^h) 7^ if, and only if, M = *M as left H-modules. 

(ii) For any non-zero k, & k, x{^h) = if, O'nd only if, M admits a non- degenerate bilinear 
form {■,■) with the adjoint S such that 

{x,y) = K{y,g'^x) 

for all x,y & M. 

(iii) The values of x{^h) can only be 0, 1 or —1. 
Moreover, 

Tr{S)= Yl xK)x(r')- 

Xelrr(H) 

Proof. By Theorem 16. 4[ there exists an unit u E H such that Su is an involution. As in 
the proof of Lemma f8.7t uS{u^^)g^^ is a central unit of H . Thus, uS{u~^)g~^ acts on M as 
multiplication by the non-zero scalar 

^ xiuS{u-^)g-'^) 
~ dim M 

Also, by |LMOO| Theorem 2.7] and Remark 18.61 the element ii2{XiSu) 7^ if, and only if 
M = +M as left if-modules where is the left if-module with underlying space M' and 
the if-action given by 

{hf){x) = f{Su{h)x) 

for all / G M' and h E H. Actually, is the left dual of M in Hu-modfin. It follows from 
Remark that /i2(X) Su) 7^ if, and only if M = *M as left if-modules. Hence, by Lemma 
18.71 statement (i) follows. 

If x{^h) 7^ 0, then ii2{x^Su) 7^ by Lemma IHTI By Remark 18.61 and |LMOO| Theorem 
2.7(ii)], M admits a non-degenerate bilinear form (-, ■) with adjoint Su such that 

{x.y) = fi2ix,Su)iy,x) 

for any x, y G M. Define 

{x,y) = {x,uy) 

for any x, ?/ G M. One can easily see that (■, ■) is a non-degenerate bilinear form on M with 
adjoint S. Moreover, for any x, ?/ G M, 

(x, y) = (x, uy) = /i2(x, Su)iuy, x) = /i2(x, S'„(m)x) . 

Thus, by Lemma f8. 71 we obtain 

{x,y) = cx{jyH){y,Su{u)x) = x{j^H){y,S{u)u'^cx) = x{j^H){y,9~^x) . 
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Conversely, suppose M admits a non-degenerate bilinear form (-, ■) with adjoint S and that 
there exists a non-zero element k of k such that 

{x,y) = K{y,g-^x) 

for all X, ?/ G M. Then the map J : M — ^*M, defined by 

J{x){y) = {x,y), x,yeM, 

is an isomorphism of left //-modules. Thus, by (i), x{^h) 7^ 0. Hence, by above arguments, 
M admits a non-degenerate bilinear form (-, ■)q with adjoint S such that 

(a;,z/)o = x{^H){y,g'^x)Q 

for all x,y & M. By Lemma f8. 21 (-, ■) is a non-zero scalar multiple of (■, ■)q. Therefore, 
and this finishes the proof statement (ii). 

(iii) If M is a simple if-module with character x such that x{^h) 7^ 0, by (ii), M admits a 
non- degenerate bilinear form (-, ■) with adjoint S such that 



Therefore, xi^n)"^ = 1 or equivalent ly x{^h) = ±1- 

Yli Xi®yi = Qr^{^)Pr where A is the normalized two-sided integral of H . By Lemma|H31 
{S{xi)g~^, yi} is a pair of dual bases of H with respect to the form (-, on H. Therefore, 
we obtain 



{x,y) = x{^H){y,g x) 



for all x,y G M. Thus, we have 



{x,y) = xM^ig ^x,g ^y) = x{vHf{x,S{g ^)g ^y) 
= x{^hY{x, y) ( by Theorem 17. 2p . 



Tr(5) 



Y,{S{S{x,)g-'),y,) 



i 



^Xreg{S{g ^)S'^{Xi)yi) 






by Lemma f6. 21 
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Since vh is in the center of if, for any irreducible if-module M with character x, z/j:/ acts 
on M multiphcation by the scalar 

Since Xreg = 5Z ^(^^^)^' ^^^^ 

XG/rr(H) 

Tr(^) = J2 

X&Irr(H) 

□ 

Remark 8.9 In |F(tSV99] . Fuchs et al also define a notion of Frobenius-Schur indictor for 
simple objects in a sovereign C*-category C such that 

id : *M — >M* 

defines an isomorphism of the tensor functors *? and ?*. Let /cm : M — y{*M)* = **M be 
the natural isomorphism of the underlying autonomous structure of C. Then for any simple 
object M in C, the Frobenius-Schur indicator cm of M is defined to be if M ^ *M and c 
if there exists a if-module isomorphism J : M — > *M where c given by the equation 

J*okM = cJ, (8.3) 

in which case the values of cm can only be 0, 1 or -1. 

The category H-modfin is not of this kind in general. Nevertheless, if one replaces /cjv/ in 
by Jm ■■ M — ^ **M, given by 

Jm(/)(x) = f{g-'x) for all a; e M and / G *M , 

one can still define Frobenius-Schur indicator cm for any simple if-module M to be if 
M ^ *M and c if there exists a if-module isomorphism J : M — ^ *M where c given by the 
equation 

J* o JM = c J . 
Theorem 18.81 fi) and (ii) implies Cm = x{^h)- D 

Before closing this section, we will show that if a is a central unit, a bilinear form on a 
if-module M is if-invariant if, and only if, S is the adjoint of the form. Both semi-simple 
Hopf algebras over k or twisted quantum doubles of finite groups are of this type. 
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Proposition 8.10 Let H = [H, A,e,^,a, f3, S) be a quasi-Hopf algebra over k and M a 
H-module. Then, the set Inv{M) of H -invariant forms on M and the set Adjs{M) of forms 
M with adjoint S are isomorphic as k-spaces. In addition, if a is a central unit of H , then 

Inv{M) = Adjs{M) . 

Proof. Note that both Inv{M) and Adjs{M) are fc-subspaces of (M ® M)* . We define 
: Adjs{M) — >{M ® M)* and ip : Inv{M) — >{M ® M)* by 

0(b)(x(g)y) = b(x(g)ay) (8.4) 
^ih'){x0y) = h'{pL{x0y)) (8.5) 

for any x,y & M, b G Adjs{M) and b' G Inv{M). Using (|2.8|) . one can easily see that 

Im{(f))CInv{M) . 

By ()2.18p . ijj{h') has adjoint S for any if-invariant form b' on M and so 

Im{ip)CAdjs{M) . 

It follows easily from 1)2.211) that for any b' G Inv{M) and x, ?/ G M, 

h'{x®y) = h'{A{ql)pL{S-\ql)x®y)) 
= h'{pL{S-\qle{ql))x^y) 
= ij{h'){{S-\a)x®y). 

Since ^{h') G Adjs{M), 

(j)0 1p = idinv(M) ■ 

On the other hand, by ()2.9p . for any b G Adjs{M) and x, y G M, 

'0 o 0(b) (a; ®y) = ^{p\x apj^y) = h(x S{p\)ap\y) = h{x (S> y) . 
Therefore, (p : Adjs{M) — >Inv{M) is a /c-linear isomorphism. 

If a is a central unit, we consider the quasi-Hopf algebra Ha-i. Then, the corresponding 
is the identity map and so 

Adjs^_AM) = Inv{M) . 
Since S'q.-i = S, the second statement follows. □ 

9 Frobenius-Schur Indicators of Twisted Quantum Dou- 
bles of Finite Groups 

We showed in section El that for any simple module M for D'^{G) with character x, Bantay's 
formula of the indicator of x is x{^d^{g))- In this section, we will prove that the trace 
element of D'^{G) is j3 and the Frobenius-Schur indictor x('^d^(g)) of X is non-zero if, and 
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only if, *M = M. Moreover, the indicator of x is 1 (respectively —1) if and only if M admits 
a /3~ ^-symmetric (resp. /3~^-skew symmetric) non-degenerate D'^(G')-invariant bilinear form 
(■, ■), that is 

{x,y) = {y,f3~^x) {resp. {x,y) = -{y, 

for all x,y E M. 

We first need the following formula (cf. |AC92j ) to compute the trace element of D^{G). 

Lemma 9.1 Let uj : G x G x G — >k^ be a normalized 3-cocycle of a finite group G and 
let S be the antipode of the quasi-Hopf algebra D'^{G) defined in Section{Ei Then for any 
g.xeG, 

S\e{g)®x) = ^^^^i^^^^pf^ e{g) X , 
^[9,9 ,9) 

= /3-\eig)®x)f3. 

Proof. It follows from (j5.8j) that 

S\e{g)®x) = {9g-^{x,x-')j,{g,g-')9^4x-\x)-f^-i{{g-'r,gny'eig)(^x, (9.1) 
where g^ denotes the product x~^gx. By the normality of uj and ()5.9|) . 

6'g(x, x~^) = 9gx(x~^, x) . 

Thus, we have 

eg-i{x, x~^)-f^{g, g-^)eg.{x-\ x)-f^-i{{g-y , c/^) 

= Og-i (x, x-^)eg{x, x-^)-f^{g, g'^hcc-i{{g~^y, g"") 
By the normality of uj and equation ()5.10|) . we have 

Og-i (x, x-^)7^(c/, g~^)9g. (x~\ x)-i^~i{{g-^Y , g"-') 

lx{9,9~^)lx-A{9~^Y,9'') 
lx{9,9~^hx-^{9'', (9'^)'') 

j,-i{{g-'r,gn 
7x-i(^'^, {9~^Y) ' 
By equation ()5.11|) . for any z,a E G we have 

7^(0, a~'^)uj{a^, {a~^)^, a^) = 7^(0""*^, a)uj{a, a~^, a) . 

Hence we have 

-fx-^{{9~'r,9n ^ii9T~\ ii9-'rr~\ (9^") 



1x-^{9'', (fi'"^)'^) ^{9'', {9~^Y,9'-') 

^{9,9~\9) 



(9.2) 
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The second equation in the statement of the Lemma follows immediately from ()5.4|) . □ 

Proposition 9.2 Let uj : G x G x G — be a normalized 3-cocycle of a finite group G. 
Then the trace element of the quasi-Hopf algebra D^{G) is (3. 

Proof. Using ()5.8|) . S{(3) = jS^^. Suppose that {fg,x}g,x&G is the dual basis of {e{g) ®x}g^xi^G- 
Then, by ()6.H) . the normalized left cointegral of D'^[G) is given by 

\{e{g)®x)= J2 fh,y{{e{g)®x)S\e{h)®y)l3-') . 

h,yeG 

Using Lemma [9. H we have 

A(e((7)®x) = 5^ A,j;((e((7)®x)/3-^(e(/i)®i/)) 

h,yeG 

= Xreg{{e{g)®x)/3'^) 

= \{{e{g)®x)(3-'g). 
By the non-degeneracy of A, j3~^g = 1 and so g = (3. □ 

Corollary 9.3 Let uo : G x G x G — be a normalized 3-cocycle of a finite group G. 
Suppose that M is a simple D^{G)-module with character x- Then the Frobenius-Schur 
indicator x{i^D'^{G)) of x satisfies the following properties: 

(i) xii^D'-{G)) = 0, 1, or -1. 

(ii) xiJ^D-iG)) ^ if and only if *M = M . 

(iii) xi^D-^iG)) = 1 (respectively —1) if and only if M admits a (3~^ -symmetric (resp. f3~^- 
skew symmetric) non- degenerate D^{G) -invariant bilinear form. 

Moreover, 

Tr{S)= Yl x{^D^iG))x{p-') . 

XeIrr(D'^(G)) 

Proof. Statement (i), (ii) and the last statement are immediate consequences of Theorem 
18.81 Since a = 1, by Proposition 18.101 a bilinear form (-, ■) on M is Z}'^(G)-invariant if, and 
only if, 5* is the adjoint of (■,■). Thus, by Theorem 18.81 (ii), the result in statement (iii) 
follows. □ 
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